Coral reefs around the world have experienced a dramatic decline during the past 25 years. Overfishing is believed to play a major role. There is significant interest in stabilizing and restoring damaged reefs, and first steps include understanding the functioning of reefs in their natural state and examining the effects of fishing.
Introduction
Coral reef ecosystems around the world are under threat from global warming, rising acidity of ocean waters, local effects of overfishing, pollution, and shoreline development [1, 9, 14, 8, 10] . There is significant interest in stabilizing and restoring damaged reefs, and first steps include understanding the functioning of reefs in their natural state and examining the effects of fishing. Some reef ecologists believe that the isolated Kingman and Palmyra reefs represent the natural state of coral reefs [11] , and thus provide a baseline for natural reefs. The coral cover at these two pristine reefs is far more extensive and healthier than at conventional reefs; these reefs seem to be resilient to ocean warming and rising acidity [15] .
At Kingman, it was recently discovered that apex predators constitute 85% of the total fish biomass [15, 6] . This is in sharp contrast to most reefs, where the prey biomass substantially dominates the total fish biomass [15] . Thus the biomass pyramid is dramatically inverted at Kingman. Figure 1 (a) from Kingman shows apex predators such as sharks, jacks and snappers roaming the reef while smaller prey are hiding in the coral. Comparison of situations at Kingman , a pristine coral reef and Tabuarean, a conventional reef where fishing is practiced [15] .
Inverted biomass pyramids in ecology are highly counterintuitive and appear to be exceedingly rare. Although we have not seen this calculation in the literature, it easily follows from the Lotka-Volterra predator-prey model that an inverted biomass pyramid will arise for mass action mixing of predators and prey, when the prey growth rate is larger than the predator death rate divided by the predator's biomass conversion efficiency. To verify this, consider the predator-prey systemẋ = ax − bxẏ y = cbxy − dy, where c denotes the predator's biomass conversion efficiency, and x, y denote the prey, predator biomass respectively. At the non-trivial equilibrium point (x * , y * ), the biomass ratio is
and an inverted biomass pyramid arises if a > d/c. However, Figure 1 (a) shows that the interaction of apex predators and prey in pristine reefs is extremely far from being mass action. Most small fish find "refuge" from predators in coral reefs by hiding in holes where large predators cannot enter [7] . We aim to answer the questions: why do inverted pyramids occur at pristine coral reefs and why do they become non-inverted at conventional reefs?
We build a model which explicitly incorporates a "prey refuge", where the refuge size influences predator hunting patterns (predation response). With realistic parameter values, our consumer-resource model with refuge yields an inverted biomass pyramid. We believe that refuges provide a general new mechanism in ecology to create an inverted biomass pyramid, that does not require mass action interactions between predators and prey.
At the pristine reefs, the investigators speared many predators and almost always found their stomaches nearly empty [13] . Therefore, we believe that natural selection favors predators having higher biomass conversion efficiency. An increase in coral cover may provide prey with more hiding spaces, making them harder to catch, and forcing only the more efficient predators to survive. We discuss the additional consequences of assuming that predators at coral reefs with larger benthic coral cover were selected for higher biomass conversion efficiency. In this case, we find that the predator-prey biomass ratio is an increasing function of coral cover; this is supported by data from Kingman and Palmyra [15] .
Overfishing is believed to play a major role in reef degradation, but few mechanisms are understood. We add various forms of fishing to our model, and show that sufficiently high fishing pressure, for quite general types of fishing, transforms the inverted biomass pyramid to be bottom heavy. We also show that prey fishing alone has the same effect.
Derivation of the Model
Guided by field observations at pristine Kingman and Palmyra coral reefs, we derive a model for the biomass of coral reef fishes using a pair of differential equations.
We divide fish at reefs into the categories of prey and predators following Sandin et al [15] . Prey fish eat phytoplankton and hide from predators in coral holes [13, 15, 7, 2] . We assume that prey biomass grows logistically and (per capita predator) predation rate depends on prey biomass and availability of coral holes to hide. Predators grow by eating prey fish and die a natural death at pristine reefs.
Prey fish find "refuge" in coral holes and rarely venture out of the holes at Kingman [13] . Therefore, the availability of hiding space for prey in coral holes affects predator hunting patterns and thus the biomass pyramid. We define the "refuge size" as the maximum prey biomass density which can sustainably hide in coral holes, i.e. the coral-specific prey carrying capacity in presence of predators [4] . We distinguish the refuge size from the prey carrying capacity in absence of predators (K); the prey will not be forced to stay inside the holes when the predators are absent and a much greater prey biomass can live in coral reefs. We assume that the refuge size is an increasing function of coral cover at pristine reefs. The equations describing such a community are
x : prey biomass density (kg/m The production-to-biomass (P/B) rates of small reef fishes [12, 18] is approximately 5-6, therefore we estimated the prey growth rate, a=0.0044/day. The death rate of sharks is 0.1/year, therefore d=0.0003/day [16] in our model. The biomass conversion efficiency of apex predators in our model is 10% , a conservative estimate compared to [6] . We considered the prey carrying capacity, K=1 kg/m 2 and the maximum predation rate, b=0.8/day.
The predation response function f (x, r) should have the following properties. It should be a monotonically increasing function of prey biomass. When the prey biomass is less than the refuge size, it should be small. When prey biomass approaches refuge size, it should rapidly increase and approach a constant as prey biomass greatly exceeds the refuge size; thus forming an S shaped curve. We choose the function
Figure 2 is a plot of f (x, r) for fixed refuge size of 2 kg/m 2 .
Results
The model has three equilibrium points. The unstable equilibrium point, x = 0, y = 0 corresponds to a reef with no fish. The equilibrium point x = K, y = 0 corresponds to the absence of predators and is rarely seen in reefs. The third and the most interesting equilibrium point is
This equilibrium point is locally attractive for the refuge size between 0.6-0.9 kg/m 2 . The predator-prey biomass ratio at the third equilibrium point is (7) when 0.6 ≤ r ≤ 0.87.
Therefore the biomass pyramid is inverted for all refuge sizes between 0.6 and 0.87 kg/m 2 . As an example, the biomass ratio is 1.26 at a coral reef with a refuge size of 0.7 kg/m 2 .
Effects of Fishing
It is believed that fishing can dramatically change the biomass ratio; the fish biomass pyramid becomes bottom heavy at reefs with fishing [15, 10] . We add fishing to our model and show that sufficiently high fishing pressure will destroy the inverted pyramid. Destruction of the inverted pyramid in presence of predator fishing is direct, but we show that prey fishing alone will also destroy the inverted biomass pyramid.
As an illustrative example, we assume that predator fishing rate is proportional to the predator biomass and prey fishing is similar to predator hunting. We understand that this is not the only form of prey fishing and thus we further show that our results are qualitatively robust to changes in forms of prey fishing. The model equations incorporating fishing arė
The prey and predator biomass at the equilibrium point of interest arẽ
The new predator-prey biomass ratio at the interior equilibrium point is
We plot the predator-prey biomass ratio for various refuge sizes and fishing rates in Figure 3 . We can now deduce the effect of fishing on the predator-prey biomass ratio by inspecting Figure 3 and comparing equation (13) with equation (6): the predator-prey biomass ratio is a decreasing function of fishing pressure and the biomass pyramid becomes bottom heavy (ratio less than unity) at conventional coral reefs where high fishing pressure is experienced. Figure 3(a) shows that the biomass ratio decreases even with prey fishing only and this makes the pyramid bottom heavy.
Our results are independent of the form of prey fishing. Let p(x) be the general prey fishing rate. The modified equations arė
y = cb y 1 + e −10(x−r) − dy − ly. The predator-prey biomass ratio at the interior equilibrium point is
(from Equation (6)). (18) As a result of fishing, the predator-prey biomass ratio is less than the biomass ratio at reefs without fishing. This result is robust under different forms of fishing.
As another example of prey fishing, if the prey fishing rate is proportional to prey biomass, p(x) = vx, the predator-prey biomass ratiõ
is less than the biomass ratio for the model without fishing in Equation (6) and high fishing pressure will destroy the inverted biomass pyramid.
Adaptive biomass conversion
When the investigators in [15] examined the stomaches of the predators, they were almost empty. This suggests that predators are usually hungry and have adapted to survive on low food supply. Reefs with greater refuge size provide more space for prey to hide and prey may be harder to catch at such reefs. In this case, predators with higher biomass conversion efficiency should be evolutionarily favored at reefs with greater refuge size. The biomass conversion efficiency c(r) would be small when no refuge exists, increase with refuge size and approach a constant for large refuge sizes. We use the function c(r) = 0.1 + 0.2r 12 0.1 + r 12 (20)
shown in Figure 4 . The modified biomass equations describing the community arė 
and the biomass ratio at the interior equilibrium is
We plot the dependence of the predator-prey biomass ratio on the refuge size in Figure 5 . The predator-prey biomass ratio is now an increasing function of refuge size, a prediction supported by data from Kingman and Palmyra. The coral cover at Kingman is more extensive than Palmyra. Predators constitute 85% of the fish biomass at Kingman while they constitute only 66% of the fish biomass at Palmyra [15] .
It is easy to prove that the predator-prey biomass ratio cannot be an increasing function of the refuge size without the assumption that the biomass conversion efficiency is an increasing function of refuge size. To explain this, consider the predator-prey biomass ratio from Equation (6) . It is a decreasing function of refuge size as long as the biomass conversion efficiency is constant.
We showed in Section 4 that the predator-prey biomass ratio is a decreasing function of fishing pressure. This result is robust and does not change if the biomass conversion efficiency of predators becomes a function of the refuge size. We plot the predator-prey biomass ratio as a function of fishing pressure in Figure 6 . The predator-prey biomass ratio remains a decreasing function of fishing pressure and sufficiently high fishing pressure destroys the inverted biomass pyramid.
Discussion
Our principal results are as follows. We model the influence of coral cover on fish dynamics and provide a mechanistic explanation of the inverted biomass pyramid observed at Kingman and Palmyra [10, 13, 15] within the framework of consumer-resource theory. We show that sufficiently high fishing pressure will destroy the inverted pyramid under general fishing conditions. Coral holes are essential to our model as prey fish at pristine reefs take"refuge" in coral holes from predators and were rarely observed to leave the holes [15] . Prey fish also practiced "hot-bunking", i.e. if one prey fish left a hole, another immediately occupied that hole [13] . The predators' stomaches were usually found to be almost empty on spearing and the predators were observed to attack any available fish [15] . Therefore, the availability of hiding space is important to prey and predators. Our model assumes that the refuge size crucially affects predation response and predator growth rate. However, no empirical evidence for the exact form of this influence currently exists. An increase in coral cover (greater refuge size) may make prey more difficult for predators to catch, forcing only efficient predators to survive. If we assume that predators with higher biomass conversion efficiency will be evolutionarily selected at reefs with greater refuge size, we find that the predator-prey biomass ratio is an increasing function of refuge size. This relationship is supported by data from (author?) [15] comparing Palmyra and Kingman, although this evolution assumption has not been tested experimentally.
There are two necessary conditions in our model to ensure inverted biomass pyramids. First, prey growth rate should be much higher than predator growth rate. Second, predator death rate should be low. Both conditions are satisfied at pristine reefs where apex predators such as sharks can live up to 20 years and reproduce rarely and smaller prey fish can reproduce at least 3 times a year. The importance of high prey productivity and predator longevity to inverted biomass pyramids has been noted before [5] .
When the fishing pressure is high, the inverted biomass pyramid disappears (see Figure 6 ). This is consistent with field observations where reefs with fishing exhibit a non-inverted bottom heavy pyramid [15] . Our model shows that the biomass ratio decreases when either predator or prey fishing or a combination of both takes place. A decrease in the biomass ratio when predator fishing occurs may be obvious but our model shows that prey fishing alone will decrease the biomass ratio and will destroy the inverted pyramid.
Appendix

Local Stability of equilibrium points
The equations governing the dynamics of predator and prey biomass are described byẋ The equilibrium points are (0,0), (k,0) and
We determine the local stability of the equilibrium points by computing the Jacobian at the equilibrium points. The Jacobian As 1 + e −10(K−r) ≤ 2 and bc > 2d, det(J(K, 0)) < 0 . Therefore, (K,0) is a saddle equilibrium point [17] .
At (x * , y * ),
The determinant and the trace of the Jacobian are complicated functions of the parameter values and equilibrium predator and prey biomass. Numerical analysis shows that det J(x * , y * ) ≥ 0 and tr J(x * , y * ) ≤ 0 when 0.10 ≤ r ≤ 1. Therefore, (x * , y * ) is an attractive equilibrium point when 0.6 ≤ r ≤ 0.9.
Sensitivity analysis
To determine the relative importance of different parameters on predator:prey biomass ratio, it is necessary to do sensitive analysis for key parameters in our model. In this section, we calculate the sensitivity indices of the predator:prey biomass ratio at the internal steady state, y*/x*, to the parameters a,b,c,d,K,r in the model. We use sensitivity analysis to discover effects of parameter variations on the biomass ratio, and to determine the robustness of model predictions to parameter values we choose.
Sensitivity indices allow us to measure the relative variation in a considered variable when a parameter varies. The normalized forward sensitivity index of a variable to a parameter is the ratio of the relative change in the variable to the relative change in the parameter [3] . As an example, the sensitivity of the biomass ratio to variation in prey growth rate (a) is given by The predator:prey biomass ratio is increasing in parameters a (prey growth rate), b (maximum predation rate), c (biomass conversion efficiency), and decreasing in parameters d (predator death rate), K (prey carrying capacity), r (per unit area coral reef size). Many biologists proposed the hypothesis that occurence of inverted biomass pyramids is caused by large prey growth rates and relatively small predator death rate [12, 18, 16] . Our sensitivity analysis suggests the same hypothesis by showing that the increase of prey growth rate and the decrease of predator death rate facilitate the increase of the predator:prey biomass ratio. The dependences of the biomass ratio on parameters b, c, and K are consistent to our intuitive anticipation. The dependence of the biomass ratio on coral reef size is controversial. If we assume that the coral reef only provides the refuge place for prey to hide from predators, the increase of r will decrease the biomass ratio. If we further assume that the coral reef improves the conversion efficiency of struggling predators, the increase of r can increase the biomass ratio.
The most sensitive parameter is the prey growth rate, the coral reef size also has high sensitivity. Thus, they are important factors to the predator:prey biomass ratio. The biomass ratio is insensitive to the maximum predation rate; therefore, our predictions are robust to this parameter.
